Storage r i n g s a r e an a t t r a c t i v e means t o generate t h e e l e c t r o n beam f o r f r e e e l e c t r o n l a s e r s f o r a v a r i e t y of reasons. These include: 1 . favorable e l e c t r o n energy and current 2. favorable e l e c t r o n current density 3 . favorable e l e c t r o n bunch length 4 . low ionizing r a d i a t i o n . Of these f a c t o r s , t h e c u r r e n t density i s probably t h e most important. The advantages of t h e SRFEL configuration can most r e a d i l y be seen by comparing t h e current density requirements of t h e FEL with t h e current d e n s i t y a v a i l a b l e using t h e various accele r a t o r technologies. Assuming t h e use of t h e t r a n s v e r s e wiggler with an acceptance j u s t equal t o t h e emittance of t h e e l e c t r o n beam, Smith and ~a d e~l have shown t h a t under optimum conditions t h e gain p e r pass i s given by: where X = o p t i c a l wavelength (cm) l a -magnet period (cm) E X,Ey horizontal, v e r t i c a l emittance (cm-radians) i peak = instantaneous peak current (amperes).
Inverting t h i s r e l a t i o n , we can solve f o r t h e current d e n s i t y r e w i r e d t o reach a
given gain a t a given wavelength with given wiggler parameters K ' and X . 9 Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1983116
The c u r r e n t density requirements i n t h e wavelength range 100A) < A < 1 0~ a r e p l o t t e d i n Figure 1 which shows t h e current density required t o reach 100% gain per pass f o r t h e case K2 = 1 f o r t h e wigglers with A = 1 cm and 10 cm, respectively. A s i s apparent i n t h e f i g u r e , t h e current densiey required t o operate t h e FEL increases a s A-1/2, and increases sharply a s t h e magnet period is reduced. The value of = 1 was chosen a s r e p r e s e n t a t i v e of t h e magnetic f i e l d s t r e n g t h a t which t h e gain i s maximized.
Figure 1 a l s o p l o t s t h e c u r r e n t d e n s i t y a v a i l a b l e from storage r i n g s and o t h e r types of a c c e l e r a t o r s . The current d e n s i t y a v a i l a b l e from a c c e l e r a t o r s using t h e rmionic, f i e l d emission, and plasma cathodes i s defined by t h e cathode c h a r a c t e r i s t i c s , space chan e and wake f i e l d e f f e c t s , and aberrations i n t h e e l e c t r o n o p t i c s . Lawson
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and Penner have observed t h a t t h e c h a r a c t e r i s t i c s of most e x i s t i n g a c c e l e r a t o r s using such cathodes can be f i t by t h e r,elation:
where < i > i s t h e time averaged current and E and z t h e a r e a of t h e phase
space e l l i p s e s i n t h e t r a n s v e r s e coordinates ( x , x t ) and ( y , y l ) .
(Since t h e Lawson-
Penner r e l a t i o n defines only t h e average current < i > , t h e peak c u r r e n t density i n RF a c c e l e r a t o r s w i l l t y p i c a l l y exceed t h i s value due t o t h e bunching of t h e beam by t h e RF a c c e l e r a t i n g f i e l d . Assuming t h e microscopic duty cycle of t h e e l e c t r o n beam i s l i k e l y t o l i e within t h e l i m i t s 0.01 t o 1.0, t h e peak current d e n s i t y a t t a i n a b l e from a c c e l e r a t o r s using thermionic f i e l d emission and plasma cathodes w i l l l i e i n t h e range: i 5 2 lo3 < xe2 < 10 amps/cm .
y2z E x Y These l i m i t s a r e indicated by t h e lower s e t of dotted l i n e s on Figure 1 . The arrows on t h e v e r t i c a l s c a l e of Figure 1 i n d i c a t e t h e peak c u r r e n t d e n s i t i e s secured i n t h e SLAC l i n a c i n j e c t o r i n i t s normal mode, and using a 240 MHz subharmonic buncher. In i t s normal configuration, t h e SLAC l i n a c operates a t a microsc i c duty cycle of 2p 0.01, producing a peak current d e n s i t y equal t o lo4 amperes/cm .
Note t h a t while t h e microscopic duty cycle of RF a c c e l e r a t o r s can b e reduced below 0.01 through t h e use of sub-harmonic bunching, such measures may not r e s u l t i n a proportional i n c r e a s e i n t h e peak current density. A t high peak c u r r e n t s , t h e e l e c t r o n beam e x c i t e s a wake-field i n t h e a c c e l e r a t i n g s t r u c t u r e which a c t s back on t h e e l e c t r o n beam t o r a i s e both t h e energy spread and t h e emittance I n t h e case of t h e SLAC l i n a c , t h e peak current density remained below lo5 amps/cm2 even when t h e duty cycle was reduced t o 0.001 through t h e use of t h e subharmonic buncher. A s opposed t o l i n e a r a c c e l e r a t o r s , i n which t h e e l e c t r o n ' s phase-space d e n s i t y is unaffected by t h e a c c e l e r a t o r process, t h e c u r r e n t d e n s i t y i n s t o r a g e r i n g s can be r a i s e d through synchrotron damping, with t h e f i n a l emittance determined by t h e balance of damping and quantum f l u c t u a t i o n s . The upper s e t of dotted l i n e s i n d i c a t e s t h e range of current d e n s i t i e s expected from t h e new synchrotron r a d i a t i o n sources a t Wisconsin and Brookhaven, and i n the SLAC damping ring. Since damping and quantum f l u c t u a t i o n s a r e functions of t h e s p e c i f i c design of a storage r i n g , t h e c u r r e n t d e n s i t y w i l l a l s o depend on t h e design. Thus f o r s t o r a g e r i n g s t h e r e can be no equivalent t o t h e universal Lawson-Penner r e l a t i o n f o r l i n e a r a c c e l e r a t o r s . The machines c i t e d i n Figure 1 were each optimized f o r high current density, and a r e believed t o be r e p r e s e n t a t i v e of what can be accomplished i n t h e energy range around 1 GeV. Note t h a t t h e design value of t h e peak current density i n t h e s e r i n g s exceed t h e c u r r e n t d e n s i t i e s a v a i l a b l e from thermionic, f i e l d emission and plasma cathodes by a f a c t o r of l o 3 -10'. Figure 1 t h a t t h e current density requirements f o r FEL operation a t long wavelength ( A > 1 p) can be met using e i t h e r l i n e a r a c c e l e r a t o r o r s t o r a g e r i n g technology, but t h a t t h e requirements a t s h o r t wavelengths (A < 1 y) probably can not be s a t i s f i e d with l i n e a r a c c e l e r a t o r technology. A s a point of reference, the c i r c l e d point i n Figure 1 i n d i c a t e s t h e current d e n s i t y required f o r 100% gain per pass using t h e e x i s t i n g Stanford 3 . 2 pm superconducting wiggler a t K2 = 0.5. A s can be seen i n t h e f i g u r e , t h i s system was designed t o operate near t h e l i m i t s of t h e a v a i l a b l e current d e n s i t y using l i n e a r a c c e l e r a t o r technology. Barring f u r t h e r improvements i n t h e c u r r e n t density a v a i l a b l e from l i n e a r a c c e l e r a t o r s , t h e Stanford 3.2 pm FEL probably represents (within f a c t o r s of 2) t h e p r a c t i c a l l i m i t f o r s h o r twavelength operation using l i n e a r a c c e l e r a t o r technology. By comparison t h e current d e n s i t y a v a i l a b l e i n t h e new synchrotron r a d i a t i o n sources should be adequate f o r operation throughout t h e v i s i b l e and UV wavelength well below 1000 8, perhaps a s s h o r t a s 100 a.
I t i s seen from
Motivated by t h e s e reasons, a number of storage-ring FEL concepts have been proposed. Most notably, t h e s e include: 1 ) devices operated i n t h e small s i g n a l regime with l i n e a r gain i n which t h e e l e c t r o n s ' o p t i c a l phase i s assumed t o vary s t o c h a s t i c a l l y on successive passes through t h e wiggler; 2
2) devices i n which t h e o p t i c a l phase i s preserved from pass t o pass, thereby generating a family of closed s t a b l e o r b i t s i n which t h e e l e c t r o n s c i r c u l a t e i n t h e o p t i c a l p o t e n t i a l wells created i n t h e wiggler. In such an Isochronous FEL, t h e energy r a d i a t e d by t h e e l e c t r o n s s c a l e s a s t h e e l e c t r i c f i e l d r a t h e r than t h e i n t e n s i t y . 3 3)
Devices operated i n t h e l a r g e s i g n a l regime i n which t h e o p t i c a l synchrotron frequency i s high, and t h e e l e c t r o n s a r e t i g h t l y bound i n t h e o p t i c a l p o t e n t i a l wells. In such systems, t h e r a d i a t e d energy i s determined by t h e v a r i a t i o n i n resonance energy along t h e i n t e r a c t i o n length, a s determined by t h e v a r i a t i o n i n wiggler period and magnetic f i e l d . Such systems i clude t h e tapered wiggler and phase-displacement a c c e l e r a t i o n concepts.
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Of these concepts, t h e one which has received t h e most a t t e n t i o n t o d a t e has been t h a t i n which t h e small s i g n a l l i m i t and non-isochronous e l e c t r o n o p t i c s have been assumed. I n general, t h i s choice appars t o o f f e r t h e b e s t a v a i l a b l e small s i g n a l gain and minimizes t h e spurious u l t r a v i o l e t r a d i a t i o n generated a t t h e harmonics of t h e operating wavelength. The power output i n t h i s configuration i s expected t o s c a l e i n proportion t o t h e power emitted by e l e c t r o n s a s incoherent synchrotron r a d i a t i o n . For simple constant period undulators, Renieri has shown t h a t : 3
where (aE/Eo) is t h e f r a c t i o n a l energy spread induced i n t h e c i r c u l a t i n g e l e c t r o n beam by t h e l a s e r i n t e r a c t i o n . Similar r e l a t i o n s a r e now believed t o apply t o a l l storage r i n g FEL's operating i n t h e l i n e a r regime.
To maximize t h e power output of such devices, it i s evidently necessary t o o p t imize t h e energy spread (aE/Eo) which can be accepted by t h e storage r i n g and undulator. But f o r simple constant period wigglers t h e only means t o r a i s e t h e energy acceptance i s t o reduce t h e number of periods, d r a s t i c a l l y reducing t h e gain.
A s an example, consider a SRFEL operating a t X = 5000 8 with a wiggler period of A = 5 cm, and K* = 2.0. The small s i g n a l gain i n such a wiggler is optimized whenqthe wiggler transverse acceptance j u s t equals t h e emittance of t h e c i r c u l a t i n g e l e c t r o n beam. Assuming an emittance E = 1 . 1 0 -~ cm-radians, t h e optimum number of periods is:
Since t h e gain curve of a conventional wiggler has a width equal, approximately t o 1/2 N, t h e l a r g e s t energy spread which could be accomodated i n t h i s system would be
gain, i t would, of course, have r a t h e r low power output.
To r a i s e t h e l a s e r power output t o 10% of t h e synchrotron r a d i a t i o n i n t h i s example, i t would be necessary t o reduce t h e number of magnet periods from 432 t o 5. Assuming t h e o p t i c a l mode parameters were a l t e r e t o match t h e reduction i n 9 length, t h i s change would reduce t h e gain by (347/5) % 5000. I TGW) . In a gain-expanded wiggler, t h e amplitude o f t h e t r a n s v e r s e magnetic f i e l d i s made a function of t r a n s v e r s e p o s i t i o n s i n t h e bend plane of t h e wiggler. Properly adjusted, t h e nominal longitudinal v e l o c i t y of e l e c t r o n s moving through such a wiggler i s independent of t h e i r energy, and phase coherence with t h e o p t i c a l f i e l d can be maintained during t h e i n t e r a c t i o n even f o r l a r g e i n i t i a l momentwn spreads. While t h e power output of such a system i s s t i l l determined by a r e l a t i o n of t h e form of equation (4), t h e r e i s no longer any d i r e c t connection between t h e energy acceptance of t h e wiggler, and t h e wiggler length and number o f periods, and t h e small s i g n a l gain. This property makes it p o s s i b l e t o design s t o r a g e r i n g FELfs with both reasonable power output and reasonable gain over t h e broad range i n wavelengths i n which s t o r a g e r i n g FELs a r e capable of operating.
The advantages of t h e T G W configuration can be i l l u s t r a t e d by comparing t h e gain equations f o r t h e T G W and conventional constant period wiggler. Assuming filamentary e l e c t r o n b e m s , t h e maximum a t t a i n a b l e gain f o r a conventional wiggler i s :
while t h e maximum a v a i l a b l e gain i n a T G W i s : (5) where i s t h e B-function i n t h e wiggler. In both equations 6 
and 7 i t i s assumed t h a t t h e o p t i c a l mode has been chosen t o minimize t h e volume of t h e mode i n t h e i n t e r a c t i o n region. Assuming t h e number of periods i n t h e constant period wiggler i s chosen t o provide some given energy acceptance AE/Eo the gain of t h e transverse gradient wiggler w i l l exceed t h e gain of t h e convent i o n a l wiggler when t h e number of periods i n t h e gain-expanded wiggler exceeds:
For a system r e q u i r i n g an energy acceptance AE/E = 5% and assuming a t r a n s v e r s e gradient wiggler with 0.1 T b e t a t r o n phase advance p e r period, t h e gain expanded wiggler w i l l have superior gain i f it has 9 o r more periods. A 50 period gainexpanded wiggler with t h i s betatron phase advance would have over 5 times t h e gain of t h e conventional wiggler.
11.-SELECTION OF PARAMETERS FOR GAIN-EXPANDED SRFEL's:
Storage Ring: While t h e b a s i c requirements of t h e gain-expanded SRFEL f o r l a r g e energy acceptance and high damping r a t e s a r e common t o a l l SRFEL's operating i n t h e l i n e a r regime, t h e c o n s t r a i n t s on emittance and t h e values of Band rl a t t h e ends of t h e wiggler a r e s p e c i f i c t o t h e TGW.
W e may a n t i c i p a t e t h a t TGW' s constructed f o r use i n t h e SRFEL configuration w i l l be designed t o operate a t a b e t a t r o n phase advance (within t h e wiggler) i n excess of 2~ r a d i a n s . i n both t h e v e r t i c a l and h o r i z o n t a l planes. Miminization of t h e e l e c t r o n beam cross s e c t i o n i n t h e wiggler w i l l r e q u i r e a 8-function a t t h e entrance and e x i t t o t h e wiggler which matches t h e period f o r betatron o s c i l l a t i o n i n t h e wiggler. The v e r t i c a l and h o r i z o n t a l emittance of t h e c i r c u l a t i n g e l e c t r o n beams must evidently a l s o f a l l within t h e acceptance of t h e wiggler. The p a r t i c u l a r values of emittance required depend on t h e wiggler parameters, a s described below.
I n c o n s t r a s t t o t h e constant period wigglers,which r e q u i r e a zero dispersion function i n t h e wiggler t o minimize t h e e x c i t a t i o n o f t h e t r a n s v e r s e coordinates, a d i e n t wigglers r e q u i r e a s p e c i f i c non-zero 11 i n t h e bend plane of t h e wiggler:
where 8 i s t h e value of t h e bend-plane &function.
Considering t h a t t h e required values of rl a r e t y p i c a l l y of t h e order Of 1 cm, and t h e bend plane acceptance of TGW' s i s t y p i c a l l y limited, Wiedeman has suggested t h a t t h e magnetic f i e l d of a transverse grad'ent wiggler i n a s t o r a g e r i n g FEL he made p a r a l l e l t o t h e o r b i t plane of t h e ring. ' The dispersion function i n t h i s plane i s normally zero, and t h e required small dispersion 11 can be obtained by d e f l e c t i n g t h e e l e c t r o n beam out of t h e plane with a p a i r of weak dipoles. Wiggler: Assuming t h e operating wavelength and t h e storage r i n g energy a r e fixed, t h e wiggler design w i l l be determined by t h e magnet period,the nnnber of priocls , t h e betatron phase advance p e r period, and t h e o p t i c a l phase s l i p per period.
Previously published analyses have e s t a b l i s h e d t h a t t h e gain i s maximized when t h e wiggler's n e t o p t i c a l phase s l i p is s e t equal t o t h e n e t b e t a t r o n phase advance, and when t h e number of periods is s e t a t t h e l a r g e s t p r a c t i c a l value. Equation (7) f o r t h e gain a l s o suggests t h a t t h e b e s t gain can be obtained a t small values of
betatron phase p e r period, X /B.
To secure a more comprehgnsive understanding of t h e e f f e c t s o f wiggler length, period, and betatron phase advance on operation, it i s necessary t o r e c a s t t h e gain equation, and t h e equation defining t h e acceptance, magnitude of t r a n s v e r s e gradient, and synchrotron r a d i a t i o n f l u x i n terms o f these parameters. Solvinggfor K* i n terms of t h e l a s e r wavelengths, wiggler period, and operating energy, 
2Y
h It is apparent from equations (11-14) that the choice of the betatron phase advance and wiggler length will involve some tradeoff among the various design ojectives. In the case of the betatron phase advance per period (A /B), the gain is maximized, and the transverse gradient dB/dx in the wiggler is minhized, for small A /B. However, this choice also reduces the bend-plane acceptance, and the emittanse attainable in the ring will set a lower bound to (A /@). Similarly, in the case of the number of periods (L/h ), the growth of the iacoherent synchrotron radiation dP /dQ with the wiggler length may set a practical limit to the length belows?% length at which the gain is optimized. Only in the case of the wiggler period A is it apparent that all factors favor a single choice, and that laser operation will generally be optimized by using the longest possible period.
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Kroll and Rosenbluth have, under certain simplifying assumptions, estimated that the power output of a gain-expanded storage ring FEL will be of the order of 1.5 (aE/Eo). It is further predicted that the energy distribution will be gaussian centered about Eo, and the emittance distribution will be exponential, peaked at
To check these predictions, we have run Monte-Carlo simulations of the operation of a gain-expanded FEL, including the full un-averaged equation of motion in the wiggler, and the betatron and synchrotron motion in the storage ring. The simu-
o a f r a c t i o n of t h e e l e c t r o n bunch length.
The energy d i s t r i b u t i o n observed i n these simulations i s gaussian, and t h e r a t i o of l a s e r power output t o l a s e r induced energy spread is c l o s e t o 1.5 (figure 2). The simulations i n d i c a t e t h a t t h e Kroll-Rosenbluth r e l a t i o n s f o r t h e l a s e r power and induced energy spread provide a reasonable estimate of t h e a t t a i n a b l e power output of these systems.
For cw operation, i n which long beam l i f e t i m e i s required, t h e allowable l a s e rinduced energy spread can be estimated from t h e usual r u l e of thumb t h a t t h e energy acceptance of t h e s t o r a g e r i n g should be a t l e a s t s i x times t h e standard deviation o . This conditions y i e l d s t h e r e s u l t : E This is s i m i l a r t o t h e 7.3:2 r e l a t i o n of l a s e r power and synchrotron r a d i a t i o n estimated by Barbini s., i n t h e i r LEDA SRFEL design.
For pulsed systems, a l a r g e r spread i s allowable, and t h e r a t i o of l a s e r power t o synchrotron power could be correspondingly l a r g e r . For example, i f t h e l a s e r pulse length does not exceed lo2 damping times, t h e laser-induced energy spread could be allowed t o reach one t h i r d t h e storage r i n g acceptance, r e s u l t i n g i n a l a s e r power output:
higher by a f a c t o r of 2 than f o r cw operation. I t i s i n t e r e s t i n g t h a t pulsed operation could lead t o a higher average power output, a s well a s a higher peak power. Since t h e l a s e r induced energy spread can be damped within a few damping times once t h e l a s e r had been turned o f f , it i s p o s s i b l e t h a t t h e duty cycle of a pulsed system could be made t o approach unity.
To i l l u s t r a t e t h e p o s s i b i l i t i e s f o r a cw system, it i s u s e f u l t o consider t h e example o u t l i n e d i n Table 1 . W e assume a 1 GeV s t o r a g e r i n g with 1 ampere average current, and 200 amperes instantaneous peak c u r r e n t .
Assuming a + 5% energy acceptance, and a n e t incoherent synchrotron power of 25 k i l o w a t t s , t h e cw l a s e r power output would be 300 watts. Assuming a b e t a t r o n phase advance of 0.1 period and a maximum t r a n s v e r s e gradient of 5 kilogauss/cm, jt would be possible t o use a wiggler period a s s h o r t a s 50 cm, corresponding t o K = 7.0. Assuming an o v e r a l l wiggler length of 20 meters, t h e gain p e r pass would be 4.8%. .83% RF-to-laser e f f i c i e n c y 1.25% Laser power output (cw) 300 watts A s described i n t h e accompanying paper by ~iedemann," t h e s~e c i f i c a t i o n s f o r t h e s t o r a g e r i n g i n t h i s example a r e c o n s i s t e n t with p r e s e n t l y a v a i l a b l e machine tecimology. Higher l e v e l s of power output could be second, i n F r i n c i p l e , throuph t h e use of a h i g h -f i e l d wiggler a s proposed by Barbini, =.,I1 t o r a i s e t h e synchrotron damping r a t e . Higher l e v e l s of e f f i c i e n c y would r e q u i r e an i n c r e a s e i n t h e energy acceptance.
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